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In [A. Deruelle, K. Miyazaki, K. Motegi, Networking Seifert surgeries on knots, Preprint],
we have deﬁned the Seifert Surgery Network consisting of all the integral Dehn surgeries
on knots in S3 yielding Seifert ﬁber spaces, where Seifert ﬁber spaces may have ﬁbers
of indices zero as a degenerate case. In this paper we focus on lens surgeries, i.e. Dehn
surgeries on knots which yield lens spaces. J. Berge [J. Berge, Some knots with surgeries
yielding lens spaces, unpublished manuscript] gave a list of twelve inﬁnite families of lens
surgeries, which is conjectured to be a complete list of lens surgeries. We locate the Berge’s
lens surgeries in the Seifert Surgery Network, and show that in the network, they are
“close” to Seifert surgeries on torus knots.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let (K ,m) be a pair of a knot K in S3 and an integer m. We say that (K ,m) is a Seifert surgery if the resulting mani-
fold K (m) of m-surgery on K is a Seifert ﬁber space. In this paper, we allow Seifert ﬁber spaces to have ﬁbers of indices zero,
i.e. degenerate ﬁbers. A Seifert ﬁber space that admits only a Seifert ﬁbration containing a degenerate ﬁber is called degener-
ate. (In [8], only non-degenerate Seifert ﬁber spaces are called Seifert ﬁber spaces.) For instance, pq-surgery on a (p,q)-torus
knot T p,q is a degenerate Seifert surgery. The manifold T p,q(pq) is the union of the exterior E(T p,q) = S3 − intN(T p,q),
a Seifert ﬁber space over the disk with two exceptional ﬁbers, and the solid torus V so that a regular ﬁber of E(T p,q) is
a meridian of V . Thus the core of V is a degenerate ﬁber. It is known that T p,q(pq) = L(p,q)L(q, p) [16].
In [8], we have introduced the Seifert Surgery Network to draw a global picture of Seifert surgeries on knots in the 3-
sphere. This network is formed on the notion of seiferters. Let us recall the deﬁnitions of seiferters and the Seifert Surgery
Network.
Deﬁnition 1.1 (Seiferter). A knot c in S3 − K is called a seiferter for a given Seifert surgery (K ,m), where m ∈ Z, if c enjoys
the following two properties:
(1) c is unknotted in S3, and
(2) c becomes a Seifert ﬁber in some Seifert ﬁbration of K (m).
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Fig. 1. Seiferters for torus knots.
Fig. 2. The S-lattice Sc(T−3,2,−1).
Any integral surgery on a torus knot T p,q has at least three seiferters. Let cp , cq be exceptional ﬁbers of the exterior
E(T p,q) with indices |p|, |q|, respectively; let cμ be a meridian of T p,q . See Fig. 1(a). Then cp , cq , cμ are seiferters for
(T p,q,m) for any integer m, and are called basic seiferters of (T p,q,m). Note that cμ is isotopic to the core of the ﬁlled
solid torus in T p,q(m), and in particular a degenerate ﬁber in T p,q(pq). For the left-handed trefoil knot T−3,2, the trivial
knot c in Fig. 1(b) is also a seiferter for (T−3,2,m) for m = −1,−2,−3; see [8] for a proof. Since c has linking number zero
with T−3,2, c is a non-basic seiferter.
We regard two Seifert surgeries as the same, and write (K ,m) = (K ′,m′) if K and K ′ are isotopic in S3 and m =m′ . We
remind and insist on the fact that a seiferter is deﬁned for a given Seifert surgery (K ,m), and not for the knot K itself. In
fact, a seiferter c for a Seifert surgery (K ,m) is not necessarily a seiferter for (K ,m′) if m′ = m. Nevertheless, if (K ,m) is
a Seifert surgery with a seiferter c, then any knot obtained from K by twisting along c also has a Seifert surgery with c
a seiferter [8]. This follows from the commutative diagram below; we denote by Kp the knot obtained from K after p-twist
along c, and by mp the slope on ∂N(Kp) corresponding to m. We then say that (Kp,mp) is obtained from (K ,m) by p-twist
along c.
(K ,m)
m-surgery on K
p-twist along c
(Kp,mp)
mp-surgery on Kp
K (m) surgery on c Kp(mp)
Now let us form a network of Seifert surgeries. Regard each Seifert surgery as a “vertex”, and connect two vertices by an
“edge” if one is obtained from the other by 1- or (−1)-twist along a seiferter. The 1-dimensional complex thus obtained is
called the Seifert Surgery Network. In [8], we also use a pair of seiferters cobounding an annulus and twist along this annulus
to create more edges; however, we will not consider this annular pair of seiferters in this paper.
If (K ,m) is a Seifert surgery with a seiferter c, then successive twistings along c naturally produce a 1-complex with
vertices (Kp,mp) and edges connecting (Kp,mp) and (Kp+1,mp+1), where p ∈ Z. We denote by Sc(K ,m) the 1-dimensional
subcomplex obtained from (K ,m) by successive twistings along c. In [8] we have shown that if (Kp,mp) = (Kq,mq), then
p = q. This implies that Sc(K ,m) is a 1-dimensional lattice, i.e. a 1-complex homeomorphic to a real line; thus Sc(K ,m) is
called an S-lattice. If K is a torus knot and c is a basic seiferter for (K ,m), then all vertices of Sc(K ,m) are Seifert surgeries
on torus knots. For another example, the Seifert surgery (T−3,2,−1), together with the seiferter c in Fig. 1(b), produces the
S-lattice Sc(T−3,2,−1) in Fig. 2. This S-lattice consists of the (−1)-surgeries on the twist knots.
In the present paper, we focus on Dehn surgeries yielding lens spaces. We say that (K ,m) is a lens surgery if the resulting
manifold K (m) is a lens space. The ultimate goal is to locate the lens surgeries in the Seifert Surgery Network. We give
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an overview of lens surgeries. First, the Dehn surgeries on torus knots yield Seifert ﬁber spaces (Moser [16]); the Seifert
ﬁbration of a torus knot exterior extends over the ﬁlled solid torus. An integral surgery (T p,q,m) is a (lens)(lens) surgery
(i.e. T p,q(m) is a connected sum of two lens spaces) if m = pq, and a lens surgery if m = pq ± 1. Certain iterated torus
knots admit lens surgeries (Bailey and Rolfsen [1]). The lens surgeries on iterated torus knots are completely determined by
reducing the surgeries to the companion torus knots [12]. Regarding hyperbolic knots, Fintushel and Stern [11] showed that
the 18- and 19-surgeries on the (−2,3,7)-pretzel knot are lens surgeries and the 17-surgery on the knot is a small Seifert
surgery (i.e. the resulting manifold has a Seifert ﬁbration over S2 with exactly three exceptional ﬁbers). Since then many
examples of lens surgeries have been found in the course of studying non-hyperbolic Dehn surgeries [6,5,9,10,14]. On the
other hand, Berge [4] introduced a construction of lens surgeries on knots contained in a genus two Heegaard surface of S3.
In fact, he gave twelve explicit families of such lens surgeries; a surgery in these families is called a Berge’s lens surgery.
All the known (integral) lens surgeries are Berge’s lens surgeries. (By the cyclic surgery theorem [7] all lens surgeries on
hyperbolic knots are integral surgeries.)
Conjecture 1.2. (Berge [4], Gordon [13]) If (K ,m) is a lens surgery where m ∈ Z, then it is a Berge’s lens surgery.
Here, we propose another viewpoint on lens surgeries. As mentioned above, Seifert surgeries on torus knots are well
understood, and the Seifert Surgery Network enables us to measure a “distance” between Seifert surgeries. Let T be the
subnetwork consisting of surgeries on torus knots and edges corresponding to basic seiferters. We are thus interested in
whether there is a path from a given lens surgery (K ,m) to T , and how far (K ,m) is away from T . (The subnetwork T is
connected [8].) We deﬁne the complexity of a Seifert surgery as follows.
Deﬁnition 1.3 (Complexity). If (K ,m) is a Seifert surgery, we deﬁne the complexity of (K ,m) to be the minimum number of
S-lattices that appear in a path from (K ,m) to T in the Seifert Surgery Network, and denote it by c(K ,m). If (K ,m) belongs
to T , set c(K ,m) = 0. On the other hand, if there is no path from (K ,m) to T , set c(K ,m) = ∞.
Now we state the main result of the present paper using the complexity of a Seifert surgery.
Theorem 1.4. Let (K ,m) be a Berge’s lens surgery on a hyperbolic knot. Then c(K ,m) = 1 or 2. In fact, (K ,m) is connected to either
a lens surgery on a (2n ± 1,n)-torus knot for some n or a (lens)(lens) surgery on a torus knot by a path going along at most two
S-lattices; see Fig. 3.
This implies that we can obtain any Berge’s lens surgery from a Seifert surgery on a torus knot by twisting along at most
two seiferters. Provided that Conjecture 1.2 holds, lens surgeries are “close” to surgeries on torus knots.
In Section 2, we recall the Berge’s construction in [4], and give the list of Berge knots. Then, in Sections 3 to 8, we ﬁnd
an explicit path from each Berge’s lens surgery to a Seifert surgery on a torus knot.
2. Berge’s double-primitive construction
A knot K on the boundary of a genus two handlebody H is said to be primitive if H ∪K h, the manifold obtained by
attaching a 2-handle h to H along K , is a solid torus. Let K be a knot contained in a genus two Heegaard surface F of S3,
i.e. S3 = H ∪F H ′ is a genus two Heegaard splitting with ∂H = F = ∂H ′ . A regular neighborhood N(K ) in S3 is chosen so
that N(K ) ∩ F is a regular neighborhood of K in F ; then the isotopy class in ∂N(K ) of a component of ∂N(K ) ∩ F is called
the surface slope of K with respect to F , and denoted by γ . If K is primitive with respect to both H and H ′ , K is said to
be double-primitive with respect to the Heegaard surface F . Then, performing Dehn surgery on a double-primitive knot K
along the surface slope γ , we obtain a 3-manifold K (γ ) = (H ∪K h) ∪ (H ′ ∪K h′), a union of two solid tori, i.e. a lens space.
This construction of lens surgeries is called a double-primitive construction.
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Fig. 5. R-R diagram of a simple closed curve on F .
In [4], Berge gives an explicit description of twelve families, Types I–VIII and Types (a)–(d) of double-primitive knots on
a genus two Heegaard surface of S3. We call a knot in these families a Berge knot, and (K , γ ) a Berge’s lens surgery.
The Berge knots of Types I and II are torus knots and cables of torus knots, respectively. The Berge knots K ⊂ F of
Types III–VI are 1-bridge braids in an unknotted solid torus V in S3, and the γ -surgery V (K ;γ ) of V , where γ is the
surface slope of K ⊂ F , is a solid torus. It follows that K (γ ) = V (K ;γ ) ∪ (S3 − V) is a union of two solid tori. This is
another explanation of (K , γ ) being a lens surgery for Types III–VI knots. The classiﬁcation of 1-bridge braids in S1 × D2
yielding S1 × D2 after surgery is given in [3]. The Berge knots of Types VII and VIII are knots contained in the genus one
Seifert surfaces of a trefoil knot and the ﬁgure-eight knot, respectively. Finally, the Berge knots of Types (a)–(d) are called
“sporadic” knots.
Outline of the Proof of Theorem 1.4. In [8], we have already located lens surgeries on torus knots and cables on torus
knots, so that Theorem 1.4 is proved for lens surgeries of Types I and II. In the following sections, Theorem 1.4 is proved for
lens surgeries of the remaining types. In Sections 3 through 6, we consider Types III–VI. In Sections 7 and 8, we consider
Types VII–VIII and Types (a)–(d), respectively. 
3. Lens surgeries of Type III
Let F be a genus two Heegaard surface of S3, and let li , mi (i = 1,2) be oriented simple closed curves in F depicted in
Fig. 4. Let H , H ′ be the genus two handlebodies in S3 such that ∂H = ∂H ′ = F and mi (respectively li) bounds disks in H
(respectively H ′).
In [4], Berge uses R-R diagrams, originally introduced by Osborne and Stevens [17], to describe simple closed curves
on F . (See also [3].) Let us give a brief account on the R-R diagram. Choose disjoint regular neighborhoods Ti of li ∪ mi
in F for i = 1,2. Then F is decomposed into the two punctured tori T1, T2 and the annulus F − int(T1 ∪ T2). Accord-
ingly, a simple closed curve on F is (after isotopy) decomposed into properly embedded, essential arcs in Ti (i = 1,2), and
arcs in the annulus. Recall that the set of isotopy classes of oriented, essential arcs properly embedded in Ti has a bijec-
tion to the set of homology classes x[li] + y[mi] ∈ H1(Ti, ∂Ti), where x and y are coprime. We call an arc representing
x[li] + y[mi] ∈ H1(Ti, ∂Ti) an (x, y)-arc in Ti . Note that punctured torus contains at most three pairwise non-parallel, prop-
erly embedded essential arcs. An R-R diagram is made up of two “handles” with “labels” and arcs connecting handles;
a handle is a square or a hexagon, and a label is a pair of coprime integers on a face of a handle. The two handles of an
R-R diagram represent the two punctured tori T1, T2, and a label, (x, y), on a face of the handle Ti means that any segment
of a simple closed curve entering that face (respectively the opposite face) is a properly embedded arc in Ti representing
x[li] + y[mi] (respectively −x[li] − y[mi]). For example, see Fig. 5.
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Fig. 7. R-R diagram of Type III.
Remark 3.1. Berge [3,4] give the opposite orientations to the basis li , mi (i = 1,2) of H1(F ) in Fig. 4. Nevertheless, for a
given R-R diagram, the simple closed curve induced from our orientations is the same as that from the opposite ones up to
orientation preserving automorphism of S3 leaving H invariant. This is because there is an orientation preserving involution
of S3 that leaves each of H , li , mi invariant but reverses the orientations of li , mi for i = 1,2 [3, Lemma 1.5].
A square handle with two labels (p, s), (q, r) with |rp − qs| = 1 has a surgery description (Baker [2]). We use surgery
descriptions of R-R diagrams to prove Theorem 1.4.
Proposition 3.2. Let αi be a knot in H obtained by pushing li into int H, and βi a knot in H ′ obtained by pushing mi into int H ′ .
If qs − rp = 1 in Fig. 6, then the (1,0)-arc and (0,−1)-arc in Ti become the (p, s)-arc and (q, r)-arc respectively after performing
surgeries (α, pq ) and (β,
r
s ).
Proof. An oriented simple closed curve μ in F representing p[mi] + q[li] bounds a disk in the genus two handlebody
H(α, pq ), the result of (α,
p
q ) surgery on H ; an oriented simple closed curve λ in F representing s[mi] + r[li] bounds a
disk in H ′(β, rs ). We take μ, λ so as to intersect in a single point. Note that [μ] · [λ] = (rp − qs)[mi] · [li] = −[mi] · [li].
Hence, after performing the surgeries (α, pq ) and (β,
r
s ), the pair μ,−λ ⊂ F is in the same position as mi , li in Fig. 4; also
note Remark 3.1. Then we obtain [li] = p[−λ] + s[μ], [mi] = −(q[−λ] + r[μ]). This implies that the (1,0)-arc becomes the
(p, s)-arc, and the (0,−1)-arc becomes the (q, r)-arc, after the surgeries. 
The condition |rp − qs| = 1 assures the resulting manifold after the surgeries (α, pq ) and (β, rs ) to be S3. Also note that
the Heegaard surface F remains the genus two Heegaard surface after the surgeries.
Berge’s Type III knots are constructed from the knots C and T on the Heegaard surface F = ∂H illustrated by the
R-R diagram in Fig. 7. We assume the parameters p, ε in Fig. 7 satisfy p > 1 and ε = ±1, or p = ε = 1. Let IIIεp[n] be a knot
in F obtained from the curve C by twisting n times to the left about the curve T , where n  0; IIIεp[n] is double-primitive
with respect to F . The knot IIIεp[n] ⊂ F is a Berge knot of Type III. Fig. 8 is a surgery description of Fig. 7, where the core of
the annulus A is the curve T . This description involves the surgeries on α and β , and the knot k containing an n-Dehn twist
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Fig. 9. Isotopies in S3 showing that k in Fig. 8 is T−2n−1,2.
on the annulus A where n  0. Note that k is a torus knot T−2n−1,2, see Fig. 9. Hence, the Type III knot IIIεp[n] is obtained
from T−2n−1,2 ⊂ F by performing the surgeries (α, p2p+ε ) and (β, 21 ); for convenience we write
IIIεp[n] = T−2n−1,2
((
α,
p
2p + ε
)
∪
(
β,
2
1
))
.
In general, we will write k((α, pq ) ∪ (β, rs )) (or k(α, pq ) if only one surgery is involved) for the knot obtained from a given
knot k after performing given surgeries (α, pq ) and (β,
r
s ).
In the 3-sphere obtained by (α, p2p+ε ) ∪ (β, 21 ) surgeries, we denote by c, c′ the cores of solid tori ﬁlling ∂N(α), ∂N(β),
respectively. However, since performing the surgery pair turns out to be equivalent to performing a sequence of twistings
along α, β as explained later, we may consider c = α and c′ = β . All the Type III knots double-primitive with respect to F
are the knots in F obtained by twisting IIIεp[n] arbitrary times along c′ . (Berge [4] denotes this twisting number by “K”.)
We ﬁrst prove Theorem 1.4 for IIIεp[n]. To do that, we ﬁnd a path in the Seifert Surgery Network that connects the lens
surgery (IIIεp[n], γ ) to a Seifert surgery on a torus knot, where γ is the surface slope of IIIεp[n] ⊂ F . Recall that such a path
involves seiferters.
Proposition 3.3. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (IIIεp[n], γ ).
(2) (−εp − 1)-twist along c converts IIIεp[n] into a torus knot T−2n−3,n+2 .
As a matter of fact, Proposition 3.3 shows that the S-lattice Sc(IIIεp[n], γ ) contains a Seifert surgery on a torus knot
T−2n−3,n+2. It follows that the complexity c(IIIεp[n], γ ) 1.
Proof of Proposition 3.3. We begin by showing assertion (2). Using Lemma 3.4 below, we show that performing the surg-
eries (α, p2p+ε ) ∪ (β, 21 ) is equivalent to a sequence of twistings along α, β . The lemma is a direct consequence of surgery
calculus, so the proof is omitted; refer to Rolfsen [18].
Lemma 3.4 (Splitting formula). A pq -surgery on a trivial knot α is equivalent to a
p
q+tp -surgery on α and a
1
−t -surgery on α
′ , where
α′ is a parallel copy of α; see Fig. 10.
Since α′ is parallel to α, for simplicity we use the same symbol α to denote α′ , and hence we write such a splitting as:(
α,
p
)
=
(
α,
p
)
∪
(
α,
1
)
.q q + tp −t
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Fig. 11. IIIεp[n] = T−n−1,n+2((α, pp+ε ) ∪ (β, 11 )).
Let us apply the splitting formula to (α, p2p+ε ) ∪ (β, 21 ). By putting t = −1, we obtain(
α,
p
2p + ε
)
=
(
α,
p
p + ε
)
∪
(
α,
1
1
)
.
The 11 -surgery on α is equivalent to (−1)-twist along α; this twist changes the 21 -surgery on β to 11 -surgery on β . Perform
successively the 11 -surgery on β as (−1)-twist along β; then the pp+ε -surgery on α becomes −εp+ε -surgery on α. The surgery
(α, −εp+ε ) is equivalent to (εp + 1)-twist along α. It thus follows that the surgery pair(
α,
p
2p + ε
)
∪
(
β,
2
1
)
is equivalent to the sequence of twistings(
α, (−1)-twist) → (β, (−1)-twist) → (α, (εp + 1)-twist).
Let us look at how the knot k in Fig. 8 changes under this sequence of twistings.
First, (−1)-twist along α converts k into the knot k(α, 11 ) in Fig. 11. The isotopy in S3 − (α ∪ β) described in Fig. 11
shows that k(α, 11 ) is a torus knot T−n−1,n+2. After (−1)-twist along α, perform (−1)-twist along β; we then ob-
tain k((α, 11 ) ∪ (β, 21 )) described in Fig. 12(a). The isotopy in S3 − (α ∪ β) described in Fig. 12 shows that the knot
is a torus knot T(−n−1)+(−1)(n+2),n+2 = T−2n−3,n+2. Finally, performing (εp + 1)-twist along α changes the torus knot
T−2n−3,n+2 = k((α, 11 ) ∪ (β, 21 )) ⊂ F in Fig. 12(a) to the Berge knot IIIεp[n] ⊂ F in a double-primitive position. Since the
images of α and β after the above sequence of twistings are the knots c and c′ , we may consider c = α, c′ = β . Therefore,
Proposition 3.3(2) is proved.
If εp + 1 = 0, then T−2n−3,n+2 is obtained from IIIεp[n] after 0-twist along c. Hence it is natural to denote III−11 [n] =
T−2n−3,n+2. Berge [4] does not allow the case when p = −ε = 1 in order to exclude torus knots from Type III knots. Here,
we allow p = −ε = 1 for convenience.
We summarize the process of converting surgeries to twistings in Table 1.
Let us now turn to the proof of Proposition 3.3(1). As pointed out above, we can identify c ⊂ S3 with α ⊂ S3, so that c
is a trivial knot in S3. Then it is suﬃcient to show that c becomes a Seifert ﬁber in the lens space IIIεp[n](γ ). To this end,
we use the following result giving a suﬃcient condition.
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Fig. 12. IIIεp[n] = T−2n−3,n+2(α, −εp+ε ).
Table 1
 Surgeries Sequence of twists Knot
1 (α, p2p+ε ) ∪ (β, 21 ) ∅ k = T−2n−1,2
2 (α, pp+ε ) ∪ (β, 11 ) (α, (−1)-twist) T−n−1,n+2
3 (α, −εp+ε ) → (β, (−1)-twist) III−11 [n] = T−2n−3,n+2
4 ∅ → (α, (εp + 1)-twist) IIIεp[n]
Lemma 3.5. Let H ∪ H ′ be a genus two Heegaard splitting of S3 and k a knot on the Heegaard surface ∂H = F = ∂H ′ . Assume that k
is in a double-primitive position with respect to F with surface slope γ . Then a knot c in H (respectively H ′) becomes a regular ﬁber in
some Seifert ﬁbration of the lens space k(γ ) if the following two conditions hold:
(i) c is isotopic in S3 − k to a simple closed curve c∗ ⊂ F − k.
(ii) c∗ does not bound a disk in either H ∪k h or H ′ ∪k h′ .
Proof. Since c∗ ∩ k = ∅, c∗ is on the torus ∂(H ∪k h) = ∂(H ′ ∪k h′), a genus one Heegaard surface of k(γ ). Moreover, c∗ is
not a meridian of either solid torus H ∪k h or H ′ ∪k h′ . Then, c∗ induces a circle ﬁbration on ∂(H ∪k h) with c∗ a ﬁber, and
furthermore a Seifert ﬁbration on the lens space k(γ ) with c∗ a regular ﬁber. Since c is isotopic to c∗ in S3 − k, we can
isotope the Seifert ﬁbration of k(γ ) so that c is a regular ﬁber of k(γ ) as desired. 
To use Lemma 3.5, we need conditions (i) and (ii) in the lemma to be satisﬁed. The claim below is useful for checking
condition (i).
Claim 3.6. Let α be a simple closed curve in H, and c the core of the ﬁlled solid torus in the manifold H(α, pq ), the result of
p
q -surgery
on α. A simple closed curve α′ on ∂N(α) representing a slope xy is isotopic to c in H(α,
p
q ) if and only if |xq − yp| = 1.
Proof. If |xq − yp| = 1, then α′ intersects a simple loop representing the surgery slope pq exactly once. This implies that α′
is isotopic to the core c of the ﬁlled solid torus in H(α, pq ). The converse follows by the same argument. 
Let c∗ be the simple closed curve in the Heegaard surface F depicted in Fig. 13; note that c∗ ⊂ F − T−2n−3,n+2. Recall that
the torus knot T−2n−3,n+2 ⊂ F in Fig. 13 becomes IIIεp[n] ⊂ F in a double-primitive position after −εp+ε -surgery on α; refer to
Fig. 12(a). Note that c∗ is isotopic in H − α to a simple closed curve on ∂N(α) with slope 01 . Since |0(p + ε) − 1(−ε)| = 1,
by Claim 3.6 c∗ is isotopic to c in the genus two handlebody H(α, −εp+ε ), and hence in S
3 − IIIεp[n]. Since c∗ ⊂ F − IIIεp[n]
where F = ∂H(α, −εp+ε ), condition (i) in Lemma 3.5 is satisﬁed.
Now, we prove that condition (ii) in Lemma 3.5 is also satisﬁed. In the proof we simply write H ∪ h and H ′ ∪ h′ for
H ∪IIIεp [n] h and H ′ ∪IIIεp [n] h′ , respectively. We show that c∗ does not bound a disk in either H ∪ h or H ′ ∪ h′ . Let us choose
the free generators u, v of π1(H) and x, y of π1(H ′) as described in Fig. 14.
We compute the words which IIIεp[n] represents in π1(H) and π1(H ′) in terms of the generators above. Then we obtain
the following presentations of π1(H ∪ h) and π1(H ′ ∪ h′):
π1(H ∪ h) =
〈
u, v
∣∣ (uv−1−2εp)n+1v = 1〉,
π1(H
′ ∪ h′) = 〈x, y ∣∣ x−1 y−2n−2 = 1〉.
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Fig. 14. Generators of π1(H) and π1(H ′).
Table 2
 Knot Surface slope γ Twist applied last
1 k = T−2n−1,2 −3n − 1 ∅
2 T−n−1,n+2 −3n − 1− 1 · (n)2 = (−n − 1)(n + 2) + 1 (α, (−1)-twist)
3 III−11 [n] = T−2n−3,n+2 (−n − 1)(n + 2) + 1− 1 · (2n + 2)2 = (−2n − 3)(n + 2) + 1 (β, (−1)-twist)
4 IIIεp [n] (−2n − 3)(n + 2) + 1+ (εp + 1) · (2n + 2)2 = (4εp + 2)n2 + (8εp + 1)n + (4εp − 1) (α, (εp + 1)-twist)
It is not diﬃcult to see that these groups are isomorphic to Z. Hence IIIεp[n] ⊂ F is double-primitive for all εp,n ∈ Z. Note
that c∗ represents the elements v in π1(H) and x−1 y−1x−1 y in π1(H ′), respectively. If c∗ bounds a disk in H ∪ h, we then
have v = 1 in π1(H ∪ h). Hence, π1(H ∪ h) = 〈u | un+1 = 1〉, which is isomorphic to Z only for n = −1. Since n  0, we
have π1(H ∪ h)  Z, a contradiction. If c∗ bounds a disk in H ′ ∪ h′ , then we have x−1 y−1x−1 y = 1 in π1(H ′ ∪ h′) ∼= Z.
Hence, π1(H ′ ∪ h′) = 〈y | y4n+4 = 1〉, which leads to a contradiction again. This establishes (ii) in Lemma 3.5, and thus
Proposition 3.3(1). 
The computations in the above proof show that if n > 0, c is not a generator in either π1(H ∪IIIεp [n] h) or π1(H ′ ∪IIIεp [n] h′).
Hence, the lens space IIIεp[n](γ ) with n > 0 has a Seifert ﬁbration with two exceptional ﬁbers and c a regular ﬁber.
The Type III lens surgeries in the Network
In the rest of this section, we explicitly give the location of the lens surgery of Type III in the Seifert Surgery Network.
Let us ﬁrst compute the surface slopes γ of the knots in Table 1 obtained by the sequence of twistings. We start from
k = T−2n−1,2 ⊂ F in Fig. 8. We ﬁnd the surface slope of T−2n−1,2 ⊂ F is −3n − 1. (First compute the surface slope of
T−2n−1,2 with n = 0, and then consider the effect of adding to T−1,2 an n-Dehn twist on the annulus A.) Twisting a knot
in F t times along α or β increases the surface slope by tl2, where l is the linking number of the knot and α or β . Using
this fact, we compute the surface slope at each step of the twisting sequence, and obtain Table 2. The lines in Table 2
correspond to those in Table 1. Since c is a seiferter for the Seifert surgery (IIIεp[n], γ ), c is also a seiferter for the Seifert
surgery on T−2n−3,n+2 = III−11 [n]. We then have the following proposition.
Proposition 3.7. Let c be the knot α in Fig. 13, and set a torus knot T−2n−3,n+2 in the position depicted in Fig. 13. Then c is a seiferter
for the lens surgery (T−2n−3,n+2,−2n2 − 7n − 5). The S-lattice Sc(T−2n−3,n+2,−2n2 − 7n − 5) is formed by the lens surgeries
(IIIεp[n], γ ) as in Fig. 15, where εp ∈ Z and γ is the surgery slope in Table 2.
In general, twisting along a seiferter changes its index as a Seifert ﬁber. In particular, a seiferter which is a regular ﬁber
becomes an exceptional ﬁber after twisting more than once along the seiferter; for details, see [8]. However, this is not the
case for the seiferter c for the lens surgeries (IIIεp[n], γ ) with n > 0. Assume that some twisting along c changed c to an
exceptional ﬁber. Since (IIIεp[n], γ ) with n > 0 has a Seifert ﬁbration with two exceptional ﬁbers and c a regular ﬁber, the
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assumption implies that for some ε, p the lens space IIIεp[n](γ ) would have a Seifert ﬁbration with three exceptional ﬁbers,
a contradiction. Hence, c remains a regular ﬁber after twisting along c.
We conclude this section by locating all the Type III knots. Recall that c, c′ are the images of α, β in Fig. 13 under
(εp + 1)-twist along α. This twisting converts the torus knot T−2n−3,n+2 ⊂ F in Fig. 13 into the double-primitive knot
IIIεp[n] ⊂ F . The Type III knots are the knots obtained from IIIεp[n] by twisting arbitrary times along c′ . We then locate the
“twisted IIIεp[n]” in the Seifert Surgery Network.
Proposition 3.8. Set K = IIIεp[n] ⊂ F for simplicity, and denote the surface slope of K ⊂ F by γ . Then the following hold:
(1) Let V = S3 − intN(c′) be a solid torus containing H in its interior. Then, V (K , γ ), the result of γ -surgery of V on K , is homeo-
morphic to a solid torus.
(2) The lens space K (γ ) has a Seifert ﬁbration with c a regular ﬁber and c′ an exceptional ﬁber.
Proof. To prove assertion (1) we follow the arguments in [3]. In F , isotope l1 in Fig. 4 so as to intersect T−2n−3,n+2 in
Fig. 13 in a single point; then l1 intersects K in a single point. Let D be a disk properly embedded in H ′ with ∂D = l1, and
take a regular neighborhood M of D ∪ K in H ′; M is homeomorphic to a solid torus with l1 a meridian and K a longitude.
Note that ∂M ∩ F is a regular neighborhood of l1 ∪ K in F , a punctured torus, and ∂M − F is a disk. The union U = H ∪ M
is an unknotted solid torus, and c′ is a core of the complementary solid torus S3 − intU . It follows V (K , γ ) ∼= U (K , γ ).
Let us prove U (K , γ ) ∼= S1 × D2. Since U = H ∪ M and γ is the surface slope of K ⊂ ∂H ∩ ∂M , we construct U (K , γ ) in
the same way as the double-primitive construction. Decompose the ﬁlled solid torus in U (K , γ ) into two D2 × I , denoted
by h, h′ . Then we have U (K , γ ) = (H ∪K h) ∪ (M ∪K h′). Since K ⊂ F = ∂H is double-primitive, H ∪K h ∼= S1 × D2; M ∪ h′ is
a 3-ball. Since (H ∪K h) ∩ (M ∪K h′) = ∂(M ∪K h′) − (∂M − F ), the intersection is a disk. It thus follows U (K , γ ) ∼= S1 × D2.
Assertion (1) is proved.
We have shown that K (γ ) = U (K , γ ) ∪ (S3 − intU ) is a union of two solid tori. Note that c′ is a core of S3 − intU , and
c (⊂ H) is isotopic in H ∪K h to a non-meridional essential loop on ∂(H ∪K h). From the construction of U (K , γ ) in the
paragraph above, U (K , γ ) is obtained from H ∪K h by attaching a 3-ball to its boundary along a disk. Hence, c is isotopic in
U (K , γ ) to a non-meridional essential loop on ∂U (K , γ ). Then, K (γ ) admits a Seifert ﬁbration with c a regular ﬁber and c′
an exceptional ﬁber. 
Since c′ is a seiferter for the lens surgery (IIIεp[n], γ ), the lens surgeries on IIIεp[n] twisted along c′ are on the S-lattice
Sc′ (III
ε
p[n], γ ). In other words, each lens surgery (IIIεp[n], γ ) belongs to the two S-lattices generated by c′ and c, and the
Type III lens surgeries are the vertices of these S-lattices. See Fig. 16; some S-lattices generated by c′ (vertical S-lattices
in Fig. 16) may intersect although they are drawn disjoint in Fig. 16; and the S-lattice generated by c and an S-lattice
generated by c′ may intersect in more than one vertex.
Proposition 3.9. All lens surgeries of Type III have complexities at most 2.
4. Lens surgeries of Type IV
We follow the arguments in Section 3 to prove Theorem 1.4 for Type IV knots. Berge’s Type IV knots are constructed
from the knots C and T on the Heegaard surface F = ∂H illustrated by the R-R diagram in Fig. 17. Let IVεp[n] be a knot
in F obtained from the curve C by twisting n times to the right about the curve T , where n  2. The knot IVεp[n] ⊂ F is
a Berge knot of Type IV, and double-primitive with respect to F . Fig. 18 is a surgery description of Fig. 17; the core of the
annulus A is the curve T , and the knot k contains a (−n)-Dehn twist on the annulus A. Hence, IVεp[n] is obtained from
k ⊂ F by performing the surgeries (α, pp+ε ) ∪ (β, 11 ); we have
IVεp[n] = k
((
α,
p
p + ε
)
∪
(
β,
1
1
))
.
We assume the parameters p, ε, n satisfy n 2, and (p > 2 and ε = ±1) or (p = 2 and ε = 1).
As in Section 3, we denote by c, c′ the cores of solid tori ﬁlling ∂N(α), ∂N(β) in the 3-sphere obtained by (α, pp+ε ) ∪
(β, 1 ) surgeries, respectively. All the Type IV knots are the knots obtained by twisting IVεp[n] along c′ .1
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Fig. 17. R-R diagram of Type IV.
Fig. 18.
We ﬁrst prove Theorem 1.4 for IVεp[n]. To do that, we need to ﬁnd a path in the Seifert Surgery Network that connects
the lens surgery (IVεp[n], γ ) to a Seifert surgery on a torus knot, where γ is the surface slope of IVεp[n] in F .
Proposition 4.1. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (IVεp[n], γ ).
(2) (−εp − 1)-twist along c converts IVεp[n] to a torus knot T−2n−3,n+1 .
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Table 3
 Surgeries Sequence of twists Knot
1 (α, pp+ε ) ∪ (β, 11 ) ∅ k = T−n−2,n+1
2 (α, −εp+ε ) (β, (−1)-twist) IV−11 [n] = T−2n−3,n+1
3 ∅ → (α, (εp + 1)-twist) IVεp [n]
Proof. We start with the proof of assertion (2). Note that the surgery pair (α, pp+ε ) ∪ (β, 11 ) appears in the second line of
Table 1 in Section 3. From the table it follows that (α, pp+ε ) ∪ (β, 11 ) is equivalent to the sequence of twistings(
β, (−1)-twist) → (α, (εp + 1)-twist).
Let us observe how the knot k in Fig. 18 subsequently changes under these twistings. After an isotopy in S3 − β , k becomes
the torus knot T−n−2,n+1 depicted in Fig. 19; T−n−2,n+1 ⊂ F in Fig. 19 is not double-primitive. Now, (−1)-twist along β
converts k into the torus knot T(−n−2)+(−1)(n+1),n+1 = T−2n−3,n+1, i.e. k(β, 11 ) = T−2n−3,n+1.
Thus, the knot IVεp[n] is obtained from T−2n−3,n+1 by (εp + 1)-twist along α. Since the images of α and β after the
above sequence of twistings is the knots c and c′ , we may consider c = α, c′ = β . Hence, Proposition 4.1(2) is proved.
Summarizing the process of converting surgeries to twistings, we obtain Table 3. Since T−2n−3,n+2 is obtained from IVεp[n]
after 0-twist along c if εp+1 = 0, we denote IV−11 [n] = T−2n−3,n+2 in the table by extending the range of the parameters ε,
p ﬁxed by Berge.
Now, we prove assertion (1). Since we have c = α as noticed above, it is suﬃcient to show that c becomes a Seifert ﬁber
in the lens space IVεp[n](γ ). To this end, we apply Lemma 3.5 as before, and need to check conditions (i) and (ii) in the
lemma. Fig. 20 is obtained from Fig. 18 by performing the surgery (β, 11 ), which is equivalent to (−1)-twist along β . Then the
torus knot T−2n−3,n+1 in Fig. 20 becomes IVεp[n] after (εp + 1)-twist along α. Let c∗ ⊂ F − T−2n−3,n+1 be the simple closed
curve depicted in Fig. 20; c∗ is isotopic in H − α to a curve on ∂N(α) with the slope 01 . Since |0(p + ε) − 1(−ε)| = 1, by
Claim 3.6 c is isotopic in S3 − IVεp[n] to c∗ ⊂ F − IVεp[n] after −εp+ε -surgery on α. This establishes condition (i) in Lemma 3.5.
To verify condition (ii), let us check c∗ does not bound a disk in either H ∪IVεp [n] h or H ′ ∪IVεp [n] h′ . In terms of the
generators u, v of π1(H) and x, y of π1(H ′) as in Fig. 14, we obtain the following presentations of π1(H∪h) and π1(H ′ ∪h′):
π1(H ∪ h) =
〈
u, v
∣∣ (uv−εp−1uv−εp)nuv−εp = 1〉,
π1(H
′ ∪ h′) = 〈x, y ∣∣ x−1 y−2n−1 = 1〉.
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 Knot Surface slope γ Twist applied last
1 k = T−n−2,n+1 −n2 − 3n − 1 = (−n − 2)(n + 1) + 1 ∅
2 IV−11 [n] = T−2n−3,n+1 (−n − 2)(n + 1) + 1− 1 · (n + 1)2 = (−2n − 3)(n + 1) + 1 (β, (−1)-twist)
3 IVεp[n] (−2n − 3)(n + 1) + 1+ (εp + 1) · (2n + 1)2 = (4εp + 2)n2 + (4εp − 1)n + (εp − 1) (α, (εp + 1)-twist)
Fig. 21. S-lattices generated by c or c′ .
These groups are isomorphic to Z, so that IVεp[n] ⊂ F is double-primitive for any εp,n ∈ Z. Note that c∗ represents v and x−1
in π1(H) and π1(H ′), respectively. If c∗ bounds a disk in H ∪ h, then we have v = 1 in π1(H ∪ h). Hence, π1(H ∪ h) =
〈u | u2n+1 = 1〉, which has a nontrivial torsion because n 2. This is a contradiction. Similarly, if c∗ bounds a disk in H ′ ∪h′ ,
then we have x−1 = 1 in π1(H ′ ∪ h′). Hence, π1(H ′ ∪ h′) = 〈y | y2n+1 = 1〉, which leads to a contradiction. This veriﬁes
condition (ii) in Lemma 3.5, and thus Proposition 4.1(1) is proved. 
From the computations above, we see that c is not a generator in either π1(H ∪IVεp [n] h) or π1(H ′ ∪IVεp [n] h′). Hence, the
lens space IVεp[n](γ ) has a Seifert ﬁbration with two exceptional ﬁbers and c a regular ﬁber.
The Type IV lens surgeries in the Network
Regarding the location of the Type IV lens surgeries in the network, we obtain results similar to the location of the
Type III lens surgeries obtained in Section 3. Table 4 is the list of the surface slopes γ of the knots in Table 3. We see that
for T−2n−3,n+1 and c = α in Fig. 20 the S-lattice Sc(T−2n−3,n+1,−2n2 − 5n − 2) is formed by the lens surgeries (IVεp[n], γ ),
where εp ∈ Z; see Fig. 21.
Recall that all the Type IV knots are the twisted IVεp[n] along c′ = β . We can prove that c′ is a seiferter for (IVεp[n], γ ) by
applying the proof of Proposition 3.8. In fact, we obtain:
Proposition 4.2. Each lens space IVεp[n](γ ) has a Seifert ﬁbration with c a regular ﬁber and c′ an exceptional ﬁber.
It follows that the lens surgeries of Type IV are the vertices of the S-lattice Sc(T−2n−3,n+1, −2n2 − 5n − 2), and the
vertical S-lattices Sc′ (IV
ε
p[n], γ ) for εp ∈ Z. See Fig. 21, where all the vertices are lens surgeries. We note that vertical S-
lattices in Fig. 21 may intersect although they are drawn disjoint; and the S-lattice generated by c and an S-lattice generated
by c′ may intersect in more than one vertex.
Proposition 4.3. All lens surgeries of Type IV have complexities at most 2.
5. Lens surgeries of Type V
Berge knots of Type V are constructed from the knots C and T on the Heegaard surface F = ∂H illustrated by the R-R
diagram in Fig. 22. Let Vεp[n] be a knot in F obtained from the curve C by twisting n times to the right about the curve T ,
where n  0. The knot Vεp[n] ⊂ F is a Berge knot of Type V, and double-primitive with respect to F . Fig. 23 is a surgery
description of Fig. 22; the core of the annulus A is the curve T , and the knot k contains a (−n)-Dehn twist on A. We
hence have Vεp[n] = k((α, pp+ε ) ∪ (β, 11 )). Note also that k is a torus knot T−2,2n+3. Following Berge [4], we assume the
parameters p, ε, n satisfy n 0, and (p > 2 and ε = ±1) or (p = 2 and ε = 1).
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Fig. 23.
As shown in Section 4 the surgery pair (α, pp+ε ) ∪ (β, 11 ) is equivalent to the sequence of twistings: (β, (−1)-twist) →
(α, (εp + 1)-twist). To avoid confusion, let c, c′ be the ﬁnal images of α, β under the series of twistings. All the Type V
knots are the knots obtained by twisting Vεp[n] along c′ . We show that c, c′ are seiferters for lens surgeries (Vεp[n], γ ), where
γ is the surface slope of Vεp[n] with respect to F .
The following result proves Theorem 1.4 for (Vεp[n], γ ).
Proposition 5.1. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (Vεp[n], γ ).
(2) (−εp)-twist along c converts Vεp[n] to a trivial knot.
Proof. To prove (2), we decompose (α, (εp + 1)-twist) in the above sequence of twistings into (α,1-twist) → (α, εp-twist),
and observe how k changes under the sequence of twistings: (β, (−1)-twist) → (α,1-twist) → (α, εp-twist). Fig. 24(a) is
the result of (−1)-twist along β; the knot k(β, 11 ) is obtained. Fig. 24(b) describes the knot after successive 1-twist along α;
the resulting knot k((β, 11 ) ∪ (α, 01 )) is, in fact, unknotted. Fig. 25 is an isotopy showing the knot is trivial. Then, the Berge
knot Vεp[n] is obtained from the trivial knot given in Fig. 24(b) by εp-twist along α. Since we may regard c = α, this
implies assertion (2). Table 5 is a summary of the process of converting surgeries to twistings and the knots obtained. Since
(εp + 1)-twist on α converts k(β, 11 ) into Vεp[n], we denote k(β, 11 ) = V−11 [n] and k((β, 11 ) ∪ (α, 01 )) = V±10 [n].
Now, we prove (1). Since c is unknotted in S3, it is suﬃcient to show that c becomes a Seifert ﬁber in the lens space
Vεp[n](γ ). We will check conditions (i) and (ii) of Lemma 3.5. We use the surgery description of Vεp[n] = V−11 [n](α, −εp+ε ) in
Fig. 26. Let c∗ ⊂ F − V−11 [n] be as in Fig. 26. The curve c∗ is isotopic in H − α to a curve in ∂N(α) of slope 01 , so that
|0(p + ε) − 1(−ε)| = 1. Thus, by Claim 3.6 c is isotopic in S3 − V εp[n] to c∗ ⊂ F − V εp[n] after −εp+ε -surgery on α, as claimed
in Lemma 3.5(i).
To check condition (ii), we obtain the presentations of π1(H ∪ h) and π1(H ′ ∪ h′) in terms of u, v and x, y as in Fig. 14,
respectively:
π1(H ∪ h) =
〈
u, v
∣∣ (uv−εp)2n+3v−1 = 1〉,
π1(H
′ ∪ h′) = 〈x, y ∣∣ x−1 y−2n−3 = 1〉.
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Fig. 24. Vεp [n] = k((β, 11 ) ∪ (α, pp+ε )) = O (α, −1εp ).
Fig. 25. Isotopy of V±10 [n] to the unknot O .
Fig. 26.
Table 5
 Surgeries Sequence of twists Knot
1 (α, pp+ε ) ∪ (β, 11 ) ∅ k = T−2,2n+3
2 (α, −εp+ε ) (β, (−1)-twist) V−11 [n]
3 (α, −1εp ) → (α,1-twist) V±10 [n] = O
4 ∅ → (α, εp-twist) Vεp [n]
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 Knot Surface slope γ Twist applied last
1 k = T−2,2n+3 −4n − 5 ∅
2 V−11 [n] −4n − 5− 1 · (2n + 2)2 = −(2n + 3)2 (β, (−1)-twist)
3 V±10 [n] = O −(2n + 3)2 + 1 · (2n + 3)2 = 0 (α,1-twist)
4 V εp [n] 0+ εp(2n + 3)2 = 4εpn2 + 12εpn + 9εp (α, εp-twist)
Fig. 27. S-lattices generated by c and c′ .
These groups are isomorphic to Z. Hence Vεp[n] ⊂ F is double-primitive for all εp,n ∈ Z. Note that c∗ represents v and x−1
in π1(H) and π1(H ′), respectively. If c∗ bounds a disk in H ∪ h, then we have v = 1 in π1(H ∪ h). Hence, π1(H ∪ h) =
〈u | u2n+3 = 1〉 has a nontrivial torsion because n  0. This is a contradiction. Similarly, if c∗ bounds a disk in H ′ ∪ h′ ,
then we have x−1 = 1 in π1(H ′ ∪ h′). Hence, π1(H ′ ∪ h′) = 〈y | y2n+3 = 1〉, which leads to a contradiction. This establishes
condition (ii) in Lemma 3.5, and thus Proposition 5.1(1). 
The Type V lens surgeries in the Network
Table 6 is the list of the surface slopes γ of the knots in Table 5. Thus, the S-lattice Sc(O ,0) (the horizontal S-lattice in
Fig. 27) is formed by the lens surgeries (V εp[n],4εpn2 + 12εpn + 9εp), where εp ∈ Z.
As in the previous two sections, c′ is also a seiferter for the lens surgery (Vεp[n], γ ).
Proposition 5.2. Each lens space Vεp[n](γ ) has a Seifert ﬁbration with c a regular ﬁber and c′ an exceptional ﬁber.
It follows that each lens surgery (Vεp[n], γ ) belongs to the S-lattice generated by twisting along c and a vertical S-lattice
in Fig. 27. Since all the Type V lens surgeries are obtained from (Vεp[n], γ ) by twisting along c′ , they are the vertices of
these S-lattices.
Proposition 5.3. All lens surgeries of Type V have complexities at most 2.
6. Lens surgeries of Type VI
Berge knots of Type VI are constructed from the knots C and T on the Heegaard surface F = ∂H illustrated by the R-R
diagram in Fig. 28. Let VI[n] be a knot in F obtained from the curve C by twisting n times to the left about the curve T ,
where n 1. The knot VI[n] ⊂ F is a Berge knot of Type VI, and double-primitive with respect to F ; denote the surface slope
by γ . Fig. 29 is a surgery description of VI[n] ⊂ F . The ﬁgure shows that VI[n] is obtained from the knot k = T−3n−2,3 by
1
2 -surgery on α; hence VI[n] = k(α, 12 ). The study of Type VI knots is slightly different from the other types. Let c, c′ be the
simple closed curve as described in Fig. 29; Since c, c′ are trivial knots in S3 after 12 -surgery on α, we still denote by c, c
′
the images after the surgery. All the Type VI knots are obtained from VI[n] by twisting along c′ , where n 1. Proposition 6.1
below proves Theorem 1.4 for the lens surgeries (VI[n], γ ).
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Fig. 29.
Proposition 6.1. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (VI[n], γ ).
(2) 2-twist along c converts the Berge knot VI[n] into a trivial knot.
Proof. First we prove assertion (2). We consider what VI[n] will be after 2-twist along c. Since the linking number be-
tween α and c is zero, we have VI[n](c, −12 ) = k((α, 12 ) ∪ (c, −12 )). Furthermore, since c and α cobound an obvious annulus,
the pair of surgeries (α, 12 ) ∪ (c, −12 ) is realized by an annulus twist, i.e. 2-twist along the annulus cobounded by c and α;
see Fig. 30 where the Heegaard surface F is omitted. After this annulus twist, the knot becomes trivial. Indeed, the knot in
Fig. 30 is isotopic to the trivial knot depicted in Fig. 31. This establishes (2).
We prove assertion (1) by using Lemma 3.5. Observe that c is isotopic in H − α to a simple closed curve c∗ living in
F − k described in Fig. 32. Then, after the surgery (α, 12 ), c is isotopic in S3 −VI[n] to a simple closed curve c∗ in F −VI[n].
This veriﬁes condition (i) in Lemma 3.5.
Let us show that c∗ does not bound a disk in either H ∪VI[n] h or H ′ ∪VI[n] h′ . From Fig. 32, we obtain the following
presentations of π1(H ∪ h) and π1(H ′ ∪ h′):
π1(H ∪ h) =
〈
u, v
∣∣ (uv2)2n+2v = 1〉 ∼= Z,
π1(H
′ ∪ h′) = 〈x, y ∣∣ x−1 y−2n−1 = 1〉 ∼= Z.
The curve c∗ represents uv and x−1 in π1(H) and π1(H ′), respectively. If c∗ bounds a disk in H ∪ h, then we have a
further relation uv = 1 in π1(H ∪ h), and hence we obtain π1(H ∪ h) = 〈u | u2n+3 = 1〉. Since n  1, this group has a
nontrivial torsion, a contradiction. Similarly, if c∗ bounds a disk in H ′ ∪ h′ , then after adding the relation x−1 = 1, we
obtain π1(H ′ ∪ h′) = 〈y | y2n+1 = 1〉. Since n  1, this group is not isomorphic to Z, a contradiction. This establishes (ii) in
Lemma 3.5, and thus Proposition 6.1. 
The Type VI lens surgeries in the Network
The surface slope of k = T−3n−2,3 ⊂ F in Fig. 29 is −8n − 5 (the computation is left to the reader). Since the linking
number between k and α is 2n + 1, the surface slope of VI[n] = k(α, 1 ) is γ = −8n − 5+ (−2)(2n + 1)2 = −8n2 − 16n − 7.2
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Fig. 31. Unknot O = VI[n](c, −12 ).
Fig. 32.
Then the linking number between VI[n] and c becomes 2n + 2. Extending the Berge knot VI[n], let us denote by VIp[n] the
knot obtained from VI[n] after p-twist along the seiferter c, where p ∈ Z; note VI0[n] = VI[n] and VI[n](c, 1−2 ) = VI2[n] = O .
Then, the surface slope of VI2[n] is −8n2 − 16n − 7+ 2(2n + 2)2 = 1. In general, the surface slope γ of VIp[n] with respect
to F is −8n2 − 16n − 7+ p(2n + 2)2.
The Seifert surgeries (VIp[n], γ ) where p ∈ Z form the S-lattice Sc(O ,1) = Sc(VI[n], γ ). We observe that 1-twist along c
converts the lens surgery (VI[n], −8n2 − 16n− 7) into (T−2n−3,2n+1, (−2n− 3)(2n+ 1)). This is a degenerate Seifert surgery
((lens)(lens) surgery). It then follows from the classiﬁcation of S-lattices given in [8] that the S-lattice Sc(O ,1) (the
horizontal S-lattice in Fig. 33) has exactly two lens surgeries (VI[n],−8n2 − 16n − 7) and (O ,1), and one (lens)(lens)
surgery (T−2n−3,2n+1, (−2n − 3)(2n + 1)); the others are small Seifert surgeries.
Using the same argument as in the proof of Proposition 3.8, we see that c′ is a seiferter for the lens surgery (VI[n], γ ).
Therefore the Type VI lens surgeries form the S-lattice Sc′ (VI[n], γ ), the vertical lattice in Fig. 33.
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Fig. 34. Surgery description of Kε[a,b] = Ta+b,−a(α, 1ε ).
Proposition 6.2. The lens space VI[n](γ ) has a Seifert ﬁbration with c a regular ﬁber and c′ an exceptional ﬁber.
Proposition 6.3. All lens surgeries of Type VI have complexities at most 2.
7. Lens surgeries of Types VII–VIII
The Types VII–VIII knots are living in a genus one Seifert surface of a trefoil knot or the ﬁgure-eight knot. Let g1, g2 be
simple closed curves embedded in the Heegaard surface F as depicted in Fig. 34. Then, N(g1 ∪ g2), a regular neighborhood
of g1 ∪ g2 in F , is a once punctured torus. We also take the unknot α with surgery coeﬃcient 1ε (ε = ±1) as in Fig. 34.
Let k be a simple closed curve in N(g1 ∪ g2) ⊂ F representing a[g1] + b[g2] ∈ H1(F ). Then k is the torus knot Ta+b,−a
with the surface slope −a2 − ab. We denote by Kε[a,b] the knot obtained from k after 1ε -surgery on α. Note that if we
perform the surgery (α, 1ε ), equivalently the (−ε)-twist along α, then ∂N(g1 ∪ g2) becomes a trefoil knot (respectively the
ﬁgure-eight knot) for ε = +1 (respectively ε = −1). It follows that Kε[a,b] is a knot on a genus one Seifert surface of
a trefoil knot if ε = 1 or the ﬁgure-eight knot if ε = −1. The Berge’s knots of Types VII are K1[a,b] on F , and Type VIII are
K−1[a,b] on F ; these knots are double-primitive with respect to F . Here, we assume that |a|, |b| 2, for otherwise Kε[a,b]
is a torus knot. Let γ denote the surface slope of Kε[a,b] ⊂ F . Since the linking number between α and k = Ta+b,−a is b,
the surgery slope γ of Kε[a,b] is −a2 − ab − εb2.
Now, in order to prove Theorem 1.4 for the Types VII–VIII knots, it is suﬃcient to show the following result.
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Proposition 7.1. Let c be the image of α after the (−ε)-twist along α. Then the knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (Kε[a,b], γ ).
(2) ε-twist along c converts Kε[a,b] into a torus knot Ta+b,−a.
Proof. Assertion (2) follows from the fact that Kε[a,b] is obtained from a torus knot Ta+b,−a by (−ε)-twist along α.
To prove assertion (1), since c is unknotted in S3, it is suﬃcient to show that c becomes a Seifert ﬁber in the lens space
Kε[a,b](γ ). Let c∗ be the simple closed curve in F − k depicted in Fig. 34; c∗ represents the meridional slope 10 on ∂N(α).
Then, since |1 · ε − 0 · 1| = 1, by Claim 3.6 c is isotopic in S3 − Kε[a,b] to c∗ ⊂ F − Kε[a,b] after 1ε -surgery on α. This
establishes condition (i) of Lemma 3.5.
We now show that c∗ does not bound a disk in either H∪Kε [a,b]h or H ′ ∪Kε [a,b]h′ . By computing the words which Kε[a,b]
represents in π1(H) and π1(H ′) in terms of (u, v) and (x, y) respectively, we obtain the group presentations of π1(H ∪ h)
and π1(H ′ ∪ h′). Since Kε[a,b] is double-primitive, both groups are isomorphic to Z. In particular, u, v (respectively x, y)
are commutative in π1(H ∪ h) (respectively π1(H ′ ∪ h′)). In the presentations below, the relations are simpliﬁed by using
this fact:
π1(H ∪ h) =
〈
u, v
∣∣ u−av−b = 1, uv = vu〉,
π1(H
′ ∪ h′) = 〈x, y ∣∣ xa+b yεb = 1, xy = yx〉.
Note that c∗ represents v in π1(H) and y−ε in π1(H ′). If c∗ bounds a disk in H ∪ h, then we have v = 1 in π1(H ∪ h).
Hence, π1(H ∪h) = 〈u | ua = 1〉 has a nontrivial torsion because |a| 2. This is a contradiction. Similarly, if c∗ bounds a disk
in H ′ ∪ h′ , then y−ε = 1 also holds in π1(H ′ ∪ h′). This implies that π1(H ′ ∪ h′) = 〈x | xa+b = 1〉. Since a and b are coprime
and |a|, |b| 2, we obtain |a+b| = 0. Thus, π1(H ′ ∪h′) is not isomorphic to Z, a contradiction. This establishes condition (ii)
in Lemma 3.5. Proposition 7.1 follows from the lemma. 
The above computation shows that if |a + b| = 1, then c is isotopic to a core of H ′ ∪Kε [a,b] h′ .
The Types VII and VIII lens surgeries in the Network
As in the case of Type VI knots, we extend Berge’s Types VII–VIII knots. For arbitrary integer p ∈ Z, denote by Kp[a,b]
the knot obtained from Ta+b.−a ⊂ F in Fig. 34 after the 1p -surgery on α. The surface slope of K0[a,b] = Ta+b,−a is −a(a+b).
Note that if |a + b|  2 and |a|  2, then (K0[a,b],−a(a + b)) is a (lens)(lens) surgery, for which c is a seiferter by
Proposition 7.1. Since the linking number between K0[a,b] and c is b, the S-lattice Sc(K0[a,b],−a2 − ab) is formed by the
Seifert surgeries (Kp[a,b],−a2 − ab − pb2), where p ∈ Z. It follows from the classiﬁcation of S-lattices given in [8] that:
(1) if |a+b| 2 and |a| 2, the S-lattice Sc(Ta+b,−a,−a2−ab) contains exactly two lens surgeries (K−1[a,b],−a2−ab+b2)
and (K1[a,b],−a2 − ab − b2), and one (lens)(lens) surgery; others are small Seifert surgeries (Fig. 35); (2) if |a + b| = 1 or
|a| = 1, all vertices of Sc(Ta+b,−a,−a2 − ab) are lens surgeries.
Proposition 7.2. All lens surgeries of Types VII, VIII have complexities at most 1.
Remark 7.3. Kp[a,b] is, in fact, the twisted torus knot K (a + b,−a,b, p) deﬁned and studied in [14, Section 6.3],
[15, Section 5]. See [8] for the proof.
8. Lens surgeries of Types (a)–(d)
In [4], Berge gives four “sporadic” families, Types (a)–(d), of double-primitive knots via a common R-R diagram. The Berge
knots of Type (χ ) for χ ∈ {a,b, c,d} are constructed from the knots C and T on the Heegaard surface F = ∂H illustrated by
the R-R diagram in Fig. 36, where the surgery coeﬃcients mp ,
p′
m′ ,
n
p ,
q′
n′ for each type are given in Table 7.
Let Sporχ [n] be a knot in F obtained from the curve C by twisting n times to the right about the curve T , where n 0.
The knots Sporχ [n] ⊂ F where n 0 are called sporadic knots of Type (χ ), and double-primitive with respect to F ; denote
the surface slopes by γ . Fig. 37 is a surgery description of Fig. 36; the core of the annulus A is the curve T , and the knot k
contains a (−n)-Dehn twist on A. The knot k is isotopic in S3 to the knot “k” in Fig. 18, so that k is a torus knot T−n−2,n+1.
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Type (α, mp ) ∪ (β, p
′
m′ ) (β
′, q
′
n′ )
a (α, 21 ) ∪ (β, 13 ) (β ′, −10 )
b (α, 32 ) ∪ (β, 12 ) (β ′, −10 )
c (α, 34 ) ∪ (β, 32 ) (β ′, 01 )
d (α, 23 ) ∪ (β, 53 ) (β ′, 01 )
Fig. 36. R-R diagram of Types (a)–(d).
Fig. 37. Surgery description of the Types (a)–(d) knots.
Fig. 38. Spor a[n] = T−n−1,2n+1((α, 21 ) ∪ (β, 13 )).
8.1. The Type (a) lens surgeries
It follows from Table 7 that (α, mp ) ∪ (β, p
′
m′ ) = (α, 21 ) ∪ (β, 13 ) and (β ′, q
′
n′ ) = (β ′, −10 ); the last surgery is a trivial one, so
we can omit. First we perform (−1)-twist along α′ , and obtain the surgery description of Spor a[n] as in Fig. 38. We denote
by k′ the knot on the Heegaard surface F obtained from k after the twisting. Then Spor a[n] = k′((α, 21 )∪ (β, 13 )). An obvious
isotopy of k′ shows that k′ is a torus knot T−n−1,2n+1. If n = 0, then Spor a[n] is a trivial knot. Hence we assume n > 0.
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 Surgeries Sequence of twists Knot
1 (α, 21 ) ∪ (β, 13 ) ∅ k′ = T−n−1,2n+1
2 (α, −21 ) ∪ (β, −23 ) (α, (−1)-twist) T−n−1,2n+1
3 (α, −11 ) ∪ (β, −21 ) → (β,1-twist) k′′ = Tn,2n+1
4 (β, −11 ) → (α,1-twist) k′′′ = C6n+1,n(T3,2)
5 ∅ → (β,1-twist) Spor a[n]
Fig. 39.
Fig. 40.
In the 3-sphere obtained by surgeries (α, 21 ) ∪ (β, 13 ), we denote by c the core of the solid torus ﬁlling ∂N(β). As in the
previous sections, since the surgery pair turns out to be equivalent to a sequence of twistings along α, β , we may consider
c = β .
Proposition 8.1. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (Spor a[n], γ ).
(2) (−1)-twist along c converts Spor a[n] to a cable knot C6n+1,n(T3,2).
Proof. By the splitting formula in Lemma 3.4 the pair of surgeries (α, 21 )∪ (β, 13 ) is equivalent to the sequence of twistings:(
α, (−1)-twist) → (β,1-twist) → (α,1-twist) → (β,1-twist) as in Table 8.
Applying (α, (−1)-twist) to the knot k′ = T−n−1,2n+1 in Fig. 38 does not change the knot type, but changes the linking
number between k′ and β to 2n + 1. Thus, the knot k′′ ⊂ F obtained by applying (α, (−1)-twist) → (β,1-twist) to k′ is
a torus knot T−n−1+(2n+1),2n+1 = Tn,2n+1, which is depicted in Fig. 39. Then, denote by k′′′ the knot obtained by applying
(α,1-twist) to k′′ . The knot Spor a[n] is then obtained from k′′′ after 1-twist along β .
To prove assertion (2) it suﬃces to show that k′′′ is a cable knot C6n+1,n(T3,2). We use Fig. 39 to identify k′′′ . In Fig. 39,
by isotoping the arc k′′ − int A in H ′ , k′′ becomes a knot contained in the annulus A except a subarc passing over the
annulus A. This implies that k′′ is isotopic in S3 − α to an (ln + 1,n) cable of a core of A, where l is the linking number
between the coherently oriented components of ∂ A. Since the surface slope of T (the core of A) is 2, it follows l = 2.
Applying 1-twist along α to the core of A we obtain the trefoil knot T3,2, and the linking number of ∂ A becomes 6; see
Fig. 40. Therefore, k′′′ is a (6n + 1,n)-cable of T3,2 as desired.
Let us check that c satisﬁes conditions (i) and (ii) in Lemma 3.5. Assertion (1) then follows from the lemma, since c = β
is unknotted in S3. Let c∗ ⊂ F −k′′ be the simple closed curve in Fig. 39; c∗ is isotopic in H ′ −β to a meridian of β . Then by
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 Knot Surface slope γ Twist applied last
1 k′ = T−n−1,2n+1 −2n2 − 3n = (−n − 1)(2n + 1) + 1 ∅
2 T−n−1,2n+1 (−n − 1)(2n + 1) (α, (−1)-twist)
3 k′′ = Tn,2n+1 (−n − 1)(2n + 1) + (2n + 1)2 = n(2n + 1) (β,1-twist)
4 k′′′ = C6n+1,n(T3,2) n(2n + 1) + (2n)2 = n(6n + 1) (α,1-twist)
5 Spor a[n] n(6n + 1) + (4n + 1)2 = 22n2 + 9n + 1 (β,1-twist)
Fig. 41. S-lattices generated by c and α through (C6n+1,n(T3,2),6n2 + n).
Claim 3.6, c is isotopic in H ′(β, −21 ) to c
∗ . It follows that after the surgeries (α, −11 ) ∪ (β, −21 ), c is isotopic in S3 − Spor a[n]
to c∗ ⊂ F − Spor a[n]. This veriﬁes condition (i) of Lemma 3.5.
Let us check condition (ii): c∗ does not bound a disk in either H ∪Spor a[n] h or H ′ ∪Spor a[n] h′ . We obtain the following
presentations of π1(H ∪ h) and π1(H ′ ∪ h′) from Fig. 39, using the fact that the pair of surgeries (α, −11 ) ∪ (β, −21 ) is
equivalent to the sequence (α,1-twist) → (β,1-twist):
π1(H ∪ h) =
〈
u, v
∣∣ (u2v)2n+1u−1 = 1〉 ∼= Z,
π1(H
′ ∪ h′) = 〈x, y ∣∣ (x6 y−1)nx = 1〉 ∼= Z.
Note that c∗ represents u2vu−1v and x in π1(H) and π1(H ′), respectively. Hence, if c∗ is trivial in π1(H ′ ∪ h′), then
π1(H ′ ∪ h′) = 〈y | yn = 1〉. Since n > 0, π1(H ′ ∪ h′) is not isomorphic to Z, a contradiction. Similarly, if c∗ is trivial in
π1(H∪h), then, using the fact that π1(H∪h) ∼= Z is commutative, we obtain π1(H∪h) = 〈v | v6n+1 = 1〉, a contradiction. 
We can ﬁnd an edge from any Seifert surgery on C6n+1,n(T3,2) to a Seifert surgery on torus knots. Indeed, by [8] each
basic seiferter ci (i = 2,3) for the companion knot T3,2 is a seiferter for any Seifert surgeries on the cable knot C6n+1,n(T3,2).
For each i = 2,3, (−1)-twist along ci changes T3,2 to a trivial knot, and thus C6n+1,n(T3,2) becomes a torus knot. The cable
knot C6n+1,n(T3,2) becomes C−3n+1,n(T3,−1) = T−3n+1,n if i = 2, and C2n+1,n(T1,2) = T2n+1,n if i = 3. Fig. 40 implies that
(after 1-twist) α is the basic seiferter of index 3 for a core of the annulus A, the companion torus knot T3,2 of C6n+1,n(T3,2).
Proposition 8.2. The knots α and k′′′ = C6n+1,n(T3,2), the images of α and k′′ in Fig. 39 after the surgery (α, −11 ), enjoy the following
properties. Proposition 8.1, together with these properties, implies all lens surgeries of Type (a) have complexities at most 2:
(1) α is a seiferter for any Seifert surgeries on k′′′ .
(2) (−1)-twist along α converts k′′′ into a torus knot T2n+1,n.
The Type (a) lens surgeries in the Network
Extending the Berge knot Spor a[n], we denote by Spor at[n] the knot obtained from Spor a[n] after t-twist along c. It
then follows that Spor a0[n] = Spor a[n] and Spor a−1[n] = C6n+1,n(T3,2). The surface slope of the torus knot k′ = T−n−1,2n+1
in Fig. 38 is −2n2 − 3n = (−n − 1)(2n + 1) + 1. Following the sequence of twistings in Table 8, we compute the surface
slopes of the knots in Table 8, and obtain Table 9.
Since n(6n + 1)-surgery on C6n+1,n(T3,2) yields L(6n + 1,4n)L(n,1), (C6n+1,n(T3,2),n(6n + 1)) = (Spor a−1[n],n(6n + 1))
is a (lens)(lens) surgery. Note that (Spor a[n], γ ) = (Spor a0[n], γ ) is a lens surgery. It then follows from the classiﬁcation of
S-lattices in [8] that the S-lattice Sc(C6n+1,n(T3,2),6n2 + n) generated by c contains exactly one (lens)(lens) surgery and
two lens surgeries, and the others are small Seifert surgeries. See Fig. 41.
Finally we consider the S-lattice Sα(C6n+1,n(T3,2),6n2 +n), the vertical S-lattice in Fig. 41. Since the linking number be-
tween α and C6n+1,n(T3,2) is 2n, (−1)-twist along α changes the Seifert surgery (C6n+1,n(T3,2),6n2+n) to (T2n+1,n,2n2+n),
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Table 10
 Surgeries Sequence of twists Knot
1 (α, 32 ) ∪ (β, 12 ) ∅ k′ = T−n−1,2n+1
2 (α, −31 ) ∪ (β, −12 ) (α, (−1)-twist) T−n−1,2n+1
3 (α, −21 ) ∪ (β, −11 ) → (β,1-twist) k′′ = Tn,2n+1
4 (α, −11 ) → (β,1-twist) T3n+1,2n+1
5 ∅ → (α,1-twist) Spor b[n]
a (lens)(lens) surgery. In fact, all vertices on the S-lattice Sα(C6n+1,n(T3,2),6n2 +n) are (lens)(lens) surgeries by the clas-
siﬁcation of S-lattices [8].
Remark 8.3. Fig. 41 shows that (Spor a−2[n], γ ) is a lens surgery, where γ is the surface slope of Spor a−2[n] ⊂ F . We can
see that K = Spor a−2[n] ⊂ F or its mirror image belongs to one of Types I–VI by ﬁnding a knot in F = ∂H ′ that together
with K forms a “G-pair” for H ′; refer to [3] for the deﬁnition of a G-pair. Compute homology coordinates of [K ] ∈ H1(∂H ′)
with respect to a standard basis of H1(∂H ′), and compare them with those of Types I–VI knots given in [3]. We then see
that K ⊂ F is the mirror image of IV12[n].
8.2. The Type (b) lens surgeries
As in the previous subsection, we start from Fig. 37 with (mp ,
p′
m′ ,
q′
n′ ) = ( 32 , 12 , −10 ) by performing (−1)-twist along α′ .
Then we obtain the surgery description Sporb[n] = k′((α, 32 ) ∪ (β, 12 )) in Fig. 42. Note that k′ ⊂ F in Fig. 42 is exactly the
same as in Fig. 38. Because Sporb[0] is a trivial knot, we assume n > 0.
In the 3-sphere obtained by (α, 32 ) ∪ (β, 12 ) surgeries, we denote by c the core of the solid torus ﬁlling ∂N(α). Then,
unlike Type (a) we can connect lens surgery of Type (b) to a Seifert surgery on a torus knot by the S-lattice generated by c.
Proposition 8.4. The knot c enjoys the following properties. Consequently, all lens surgeries of Type (b) have complexities at most 1:
(1) c is a seiferter for the lens surgery (Sporb[n], γ ).
(2) (−1)-twist along c converts Sporb[n] into a torus knot T3n+1,2n+1 .
Proof. Using the splitting formula of Lemma 3.4, we split the pair of surgeries (α, 32 )∪ (β, 12 ) into a sequence of twistings as
in Table 10. The twistings in lines 2–3 of Table 10 are the same as in lines 2–3 of Table 8 for Type (a) knots. Hence, we need
to show that applying (β,1-twist) to k′′ = Tn,2n+1 yields a torus knot T3n+1,2n+1. We obtain Fig. 43 by applying the twisting
sequence (α, (−1)-twist) → (β,1-twist) to k′ ⊂ F in Fig. 42. (Fig. 43 is the same as Fig. 39 except the surgery coeﬃcients
on α, β .) Then, 1-twist along β changes k′′ in Fig. 43 to the torus knot Tn+(2n+1),2n+1 = T3n+1,2n+1, and the surgery (α, −21 )
to (α, −11 ), as given in line 4 of Table 10. Since we may regard c = α, assertion (2) of Proposition 8.4 follows from the last
two lines in Table 10.
To prove (1), let c∗ be the trivial knot on F − k′ depicted in Fig. 42; it is isotopic in H − α to a simple closed curve on
∂N(α) with the slope 11 . Since the surgery coeﬃcient of α is
3
2 and |1 · 2− 1 · 3| = 1, Claim 3.6 implies that c is isotopic in
S3 − Sporb[n] to c∗ ⊂ F − Sporb[n] after the surgeries (α, 32 ) ∪ (β, 12 ). This veriﬁes condition (i) of Lemma 3.5.
It remains to verify condition (ii) that c∗ does not bound a disk in either H ∪Sporb[n] h or H ′ ∪Sporb[n] h′ . From Fig. 43, we
obtain the following presentations of π1(H∪h) and π1(H ′ ∪h′) by taking into account that the surgery pair (α, −21 )∪(β, −11 )
is equivalent to the sequence of twistings (β,1-twist) → (α,1-twist):
A. Deruelle et al. / Topology and its Applications 156 (2009) 1083–1113 1107Fig. 43. Spor b[n] = Tn,2n+1((α, −21 ) ∪ (β, −11 )).
Fig. 44. Sc(T3n+1,2n+1, (3n + 1)(2n + 1)).
Table 11
 Knot Surface slope γ Twist applied last
1 k′ = T−n−1,2n+1 −2n2 − 3n ∅
2 T−n−1,2n+1 −2n2 − 3n − 1 = (−n − 1)(2n + 1) (α, (−1)-twist)
3 k′′ = Tn,2n+1 (−n − 1)(2n + 1) + (2n + 1)2 = n(2n + 1) (β,1-twist)
4 T3n+1,2n+1 n(2n + 1) + (2n + 1)2 = (3n + 1)(2n + 1) (β,1-twist)
5 Spor b[n] (3n + 1)(2n + 1) + (4n + 1)2 = 22n2 + 13n + 2 (α, (−1)-twist)
π1(H ∪ h) =
〈
u, v
∣∣ (u3v)2n+1u−1 = 1〉 ∼= Z,
π1(H
′ ∪ h′) = 〈x, y ∣∣ (y−1x4)nx = 1〉 ∼= Z.
Note that c∗ represents u−1 and x−1 y in π1(H) and π1(H ′), respectively. If c∗ is trivial in π1(H ∪ h), then π1(H ∪ h) =
〈v | v2n+1 = 1〉, which cannot be isomorphic to Z. If c∗ is trivial in π1(H ′ ∪ h′), then we have a further relation
x = y in π1(H ′ ∪ h′), so that π1(H ′ ∪ h′) = 〈x | x3n+1 = 1〉, a contradiction. This establishes (1) in Proposition 8.4, and
c(Sporb[n], γ ) 1 follows. 
The Type (b) lens surgeries in the Network
Let Sporbt[n] denote the knot obtained from Sporb[n] after t-twist along c; thus, Spor b0[n] = Sporb[n] and Spor b−1[n] =
T3n+1,2n+1. The surface slope of the torus knot k′ = T−n−1,2n+1 in Fig. 42 is (−n− 1)(2n+ 1)+ 1. Following the sequence of
twistings in Table 10, we compute the surface slopes of the knots in the table, and obtain Table 11.
Since we have the lens surgery (Sporb0[n],22n2 + 13n+ 2), and the (lens)(lens) surgery (Spor b−1[n], (3n+ 1)(2n+ 1)),
the classiﬁcation of S-lattices [8] shows that the S-lattice Sc(T3n+1,2n+1, (3n + 1)(2n + 1)) has all but three vertices small
Seifert surgeries as described in Fig. 44.
Remark 8.5. Fig. 44 shows that (Sporb−2[n], γ ) is a lens surgery, where γ is the surface slope of Spor b−2[n] ⊂ F . Using the
same arguments as in Remark 8.3, we see that Sporb−2[n] ⊂ F is III−13 [n − 1].
8.3. The Type (c) lens surgeries
Referring to Table 7, we have (α, mp ) ∪ (β, p
′
m′ ) = (α, 34 ) ∪ (β, 32 ) and (β ′, q
′
n′ ) = (β ′, 01 ). As in the case of Types (a), (b)
knots, ﬁrst do (−1)-twist along α′ in Fig. 37 and let k′ be a knot obtained from k; k′ is a torus knot T−n−1,2n+1 ⊂ F in
Fig. 38. After this twisting, the surgery (β ′, 01 ) becomes (β
′, −11 ), which is 1-twist along β
′ . Applying 1-twist along β ′ to
k′ = T−n−1,2n+1 yields a torus knot T−n−1+(2n+1),2n+1 = Tn,2n+1. Since the surgeries (α′, 11 ) and (β ′, 01 ) have no effect on the
surgery pair (α, 34 ) ∪ (β, 32 ), we obtain the surgery description of Spor c[n] = Tn,2n+1((α, 34 ) ∪ (β, 32 )) in Fig. 45. The process
of converting (α′, 1 ) ∪ (β ′, 0 ) into a sequence of twistings is summarized in Table 12.1 1
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Table 12
Surgeries Sequence of twists Knot
(α′, 11 ) ∪ (β ′, 01 ) ∅ k = T−n−2,n+1
(β ′, −11 ) (α
′, (−1)-twist) k′ = T−n−1,2n+1
∅ → (β ′,1-twist) Tn,2n+1
Table 13
 Surgeries Sequence of twists Knot
1 (α, 34 ) ∪ (β, 32 ) ∅ Tn,2n+1
2 (α, 31 ) ∪ (β, 12 ) (α, (−1)-twist) Tn,2n+1
3 (α, 21 ) ∪ (β, 11 ) → (β, (−1)-twist) k′′ = T−n−1,2n+1
4 (α, 11 ) → (β, (−1)-twist) T−3n−2,2n+1
5 ∅ → (α, (−1)-twist) Spor c[n]
In the 3-sphere obtained by performing the (α, 34 ) ∪ (β, 32 ) surgeries in Fig. 45, let c be the core of the solid torus
ﬁlling ∂N(α). Since the above surgery pair is equivalent to a sequence of twistings along α, β , we may regard c = α. Then,
the following result proves Theorem 1.4 for lens surgeries of Type (c).
Proposition 8.6. The knot c enjoys the following properties. Consequently, all lens surgeries of Type (c) have complexities at most 1:
(1) c is a seiferter for the lens surgery (Spor c[n], γ ).
(2) 1-twist along c converts Spor c[n] into a torus knot T−3n−2,2n+1 .
Proof. Using the splitting formula of Lemma 3.4, we split the pair of surgeries (α, 34 ) ∪ (β, 32 ) into a sequence of twistings;
see Table 13.
Applying (−1)-twist along α to Tn,2n+1 in Fig. 45 does not change the knot type, but changes the linking number
between Tn,2n+1 and β to 2n+ 1. Thus, the sequence of further twistings (β, (−1)-twist) → (β, (−1)-twist) changes Tn,2n+1
to k′′ = Tn−(2n+1),2n+1 = T−n−1,2n+1 and subsequently T−n−1−(2n+1),2n+1 = T−3n−2,2n+1, as shown in lines 3, 4 in Table 13.
Fig. 46 corresponds to line 3 in Table 13. It follows from lines 4–5 in Table 13 that (−1)-twist along α changes T−3n−2,2n+1
to Spor c[n], which proves Proposition 8.6(2).
Now, we prove assertion (1) by Lemma 3.5. We check conditions (i), (ii) of Lemma 3.5. Let c∗ ⊂ F − k′′ be the simple
closed curve given in Fig. 46; it represents the slope 10 on ∂N(α). Then, Claim 3.6 implies that after (α,
2
1 )∪ (β, 11 ) surgeries
c is isotopic in S3 − Spor c[n] to c∗ ⊂ F − Spor c[n]. This veriﬁes condition (i).
Let us check condition (ii): c∗ does not bound a disk in either H ∪Spor c[n] h or H ′ ∪Spor c[n] h′ . From Fig. 46, we compute
the following presentations of π1(H ∪ h) and π1(H ′ ∪ h′):
π1(H ∪ h) =
〈
u, v
∣∣ (vu3)2n+1u = 1〉 ∼= Z,
π1(H
′ ∪ h′) = 〈x, y ∣∣ (yx−4)n+1x = 1〉 ∼= Z.
Note that c∗ represents u and x−1 y in π1(H) and π1(H ′), respectively. Hence, if c∗ is trivial in π1(H ∪h), then π1(H ∪ h) =
〈v | v2n+1 = 1〉, a contradiction. If c∗ is trivial in π1(H ′ ∪ h′), then we have x = y in π1(H ′ ∪ h′). It follows π1(H ′ ∪ h′) =
〈x | x3n+2 = 1〉, a contradiction. The conditions of Lemma 3.5 are satisﬁed, and then Proposition 8.6 follows. 
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Fig. 47. Sc(T−3n−2,2n+1, (−3n − 2)(2n + 1)).
Table 14
 Knot Surface slope γ Twist applied last
1 Tn,2n+1 2n2 + n + 1 ∅
2 Tn,2n+1 2n2 + n = n(2n + 1) (α, (−1)-twist)
3 k′′ = T−n−1,2n+1 −2n2 + n − (2n + 1)2 = (−n − 1)(2n + 1) (β, (−1)-twist)
4 Spor c1[n] = T−3n−2,2n+1 (−n − 1)(2n + 1) − (2n + 1)2 = (−3n − 2)(2n + 1) (β, (−1)-twist)
5 Spor c[n] (−3n − 2)(2n + 1) − (4n + 3)2 = −22n2 − 31n − 11 (α, (−1)-twist)
The Type (c) lens surgeries in the Network
Let Spor ct[n] denote the knot obtained from Spor c[n] after t-twist along c; then Spor c0[n] = Spor c[n] and Spor c1[n] =
T−3n−2,2n+1. Starting from the fact that the surgery slope of k′ in Fig. 38 is −2n2 − 3n, and following the sequence of
twistings in Tables 12, 13, we compute the surface slopes of the knots in these tables. The surface slopes of the knots in
Table 13 are given in Table 14.
Since (Spor c0[n],−22n2 − 31n − 11) is a lens surgery and (Spor c1[n], (−3n − 2)(2n + 1)) is a (lens)(lens) surgery, by
the classiﬁcation of S-lattices [8] all but three vertices of the S-lattice Sc(Spor c[n],−22n2 − 31n − 11) = Sc(T−3n−2,2n+1,
(−3n − 2)(2n + 1)) are small Seifert surgeries as described in Fig. 47.
Remark 8.7. Fig. 47 shows that (Spor c2[n], γ ) is a lens surgery, where γ is the surface slope of Spor c2[n] ⊂ F . Using the
same arguments as in Remark 8.3, we see that Spor c2[n] ⊂ F is III12[n].
8.4. The Type (d) lens surgeries
From Table 7, we have (α, mp )∪ (β, p
′
m′ ) = (α, 23 )∪ (β, 53 ) and (β ′, q
′
n′ ) = (β ′, 01 ). As in the case of Type (c), we perform the
sequence of twistings (α′, (−1)-twist) → (β ′,1-twist) for the surgery pair (α′, 11 ) ∪ (β ′, 01 ); see Table 12. We obtain Fig. 48
from Fig. 37 after these twistings. (This ﬁgure is the same as Fig. 45 except surgery coeﬃcients on α, β .)
In the 3-sphere obtained by the surgeries (α, 23 ) ∪ (β, 53 ) in Fig. 48, let c be the core of the solid torus ﬁlling ∂N(β).
Since the above surgery pair is equivalent to a sequence of twistings along α, β , we may regard c = β . The proposition
below shows that in the network an S-lattice generated by c connects the lens surgery (Spord[n], γ ) to a Seifert surgery on
a cable of a torus knot.
Proposition 8.8. The knot c enjoys the following properties:
(1) c is a seiferter for the lens surgery (Spord[n], γ ).
(2) 1-twist along c converts Spord[n] into a cable knot C−6n−5,n+1(T3,−2).
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Fig. 49. Spord[n] = T−n−1,2n+1((α, 11 ) ∪ (β, 21 )).
Table 15
 Surgeries Sequence of twists Knot
1 (α, 23 ) ∪ (β, 53 ) ∅ Tn,2n+1
2 (α, 21 ) ∪ (β, 23 ) (α, (−1)-twist) Tn,2n+1
3 (α, 11 ) ∪ (β, 21 ) → (β, (−1)-twist) k′′ = T−n−1,2n+1
4 (β, 11 ) → (α, (−1)-twist) C−6n−5,n+1(T3,−2)
5 ∅ → (β, (−1)-twist) Spord[n]
Proof. As given in Table 15, we split the surgeries (α, 23 ) ∪ (β, 53 ) into the sequence of twistings:(
α, (−1)-twist) → (β, (−1)-twist) → (α, (−1)-twist) → (β, (−1)-twist).
The ﬁrst two twistings (α, (−1)-twist) → (β, (−1)-twist) are the same as the twistings in lines 2–3 in Table 13 for
Type (c) knots. Hence, after the sequence of twistings (α, (−1)-twist) → (β, (−1)-twist) Fig. 48 is changed to Fig. 49 just as
Fig. 45 to Fig. 46. It follows that Spord[n] = k′′((α, 11 ) ∪ (β, 21 )), where k′′ = T−n−1,2n+1. To prove assertion (2), it suﬃces to
show that the knot k′′′ obtained from k′′ by (α, (−1)-twist) is the desired cable knot as given in Table 15. First isotope k′′
in S3 − α as suggested in Fig. 50. Then we see that k is isotopic to a knot lying in the annulus A except a subarc passing
over A. This implies that k′′ is isotopic in S3 −α to an (l(n+1)+1,n+1) cable of a core of A, where l is the linking number
between the coherently oriented components of ∂ A. Since the surface slope of T (the core of A) is −2, it follows l = −2.
Applying (−1)-twist along α to the core of A we obtain the trefoil knot T3,−2, and the linking number of ∂ A becomes −6;
see Fig. 51. Therefore, k′′′ is a (−6n − 5,n + 1)-cable of T3,−2 as desired.
For proving (1), we check that c satisﬁes the two conditions of Lemma 3.5. Let c∗ ⊂ F − k′′ be the simple closed curve
described in Fig. 52; c∗ is isotopic in H ′ − β to a meridian of β . It then follows from Claim 3.6 that c is isotopic in H ′(β, 21 )
to c∗ ⊂ F − Spord[n]. Condition (i) of Lemma 3.5 is satisﬁed.
Now, we check c∗ does not bound a disk in either H ∪Spord[n] h or H ′ ∪Spord[n] h′ . From Fig. 49, we obtain the following
presentations of π1(H ∪ h) and π1(H ′ ∪ h′), taking account of the surgery pair (α, 11 ) ∪ (β, 21 ), which is equivalent to the
sequence (α, (−1)-twist) → (β, (−1)-twist):
A. Deruelle et al. / Topology and its Applications 156 (2009) 1083–1113 1111Fig. 50. Isotopy of k′′ in S3 − α.
Fig. 51.
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π1(H ∪ h) =
〈
u, v
∣∣ (u2v)2n+1u = 1〉 ∼= Z,
π1(H
′ ∪ h′) = 〈x, y ∣∣ (x−6 y)n+1x = 1〉 ∼= Z.
Note that c∗ represents u2vu−1v and x−1 in π1(H) and π1(H ′), respectively. If c∗ is trivial in π1(H ∪h), then, using the fact
that π1(H ∪h) ∼= Z is commutative, we have u = v−2 and π1(H ∪h) = 〈v | v6n+5 = 1〉, a contradiction to n 0. If c∗ is trivial
in π1(H ′ ∪ h′), then we have x−1 = 1 in π1(H ′ ∪ h′). It follows π1(H ′ ∪ h′) = 〈y | yn+1 = 1〉, a contradiction. Condition (ii) in
Lemma 3.5 is now satisﬁed. Assertion (1) follows from the lemma. 
To complete the proof of Theorem 1.4, let us ﬁnd an edge from C−6n−5,n+1(T3,−2) to a torus knot in the network. Fig. 51
implies that (after (−1)-twist) α is the basic seiferter of index 3 for a core of the annulus A, the companion torus knot T3,−2
of C−6n−5,n+1(T3,−2). Then 1-twist along α changes C−6n−5,n+1(T3,−2) to C−2n−1,n+1(T1,−2) = T−2n−1,n+1 = T−n−1,2n+1. On
the other hand, α is a seiferter for any Seifert surgery on C−6n−5,n+1(T3,−2) by [8]. We then have the following and establish
Theorem 1.4.
Proposition 8.9. The knots α and k′′′ = C−6n−5,n+1(T3,−2), the images of α and k′′ in Fig. 52 after the (α, 11 ) surgery, enjoy the
following properties. Proposition 8.8, together with these properties, implies all lens surgeries of Type (d) have complexities at most 2:
(1) α is a seiferter for any Seifert surgeries on k′′′ .
(2) 1-twist along α converts k′′′ into a torus knot T−2n−1,n+1 .
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 Knot Surface slope γ Twisting applied last
1 Tn,2n+1 n(2n + 1) + 1 ∅
2 Tn,2n+1 n(2n + 1) (α, (−1)-twist)
3 k′′ = T−n−1,2n+1 n(2n + 1) − (2n + 1)2 = (−n − 1)(2n + 1) (β, (−1)-twist)
4 Spord1[n] = C−6n−5,n+1(T3,−2) (−n − 1)(2n + 1) − (2n + 2)2 = (−6n − 5)(n + 1) (α, (−1)-twist)
5 Spord[n] (−6n − 5)(n + 1) − (4n + 3)2 = −22n2 − 35n − 14 (β, (−1)-twist)
Fig. 53. S-lattices through (C−6n−5,n+1(T3,−2), (−6n − 5)(n + 1)) generated by c and α.
The Type (d) lens surgeries in the Network
Let Spordt[n] denote a knot obtained from Spord[n] after t-twist along c; then Spord0[n] = Spord[n] and Spord1[n] =
C−6n−5,n+1(T3,−2). Starting from the fact that the surface slope of Tn,2n+1 in Fig. 48 is 2n2 + n+ 1, we compute the surface
slopes of the knots in Table 15 and obtain Table 16.
Note that (Spord0[n],−22n2 − 35n − 14) is a lens surgery, but (Spord1[n], (−6n − 5)(n + 1)), yielding L(−6n − 5,4n +
4)L(n+1,1), is a (lens)(lens) surgery. Then it follows from the classiﬁcation of S-lattices in [8] that Sc(C−6n−5,n+1(T3,−2),
(−6n− 5)(n+ 1)), the horizontal S-lattice in Fig. 53, generated by c contains exactly one (lens)(lens) surgery and two lens
surgeries, and the others are small Seifert surgeries.
Finally we consider the S-lattice Sα(C−6n−5,n+1(T3,−2), (−6n− 5)(n+ 1)), the vertical S-lattice in Fig. 53. Since the link-
ing number between α and C−6n−5,n+1(T3,−2) is 2(n + 1), 1-twist along α changes (C−6n−5,n+1(T3,−2), (−6n − 5)(n + 1))
to (T−2n−1,n+1, (−2n − 1)(n + 1)), a (lens)(lens) surgery. In fact, all vertices on the S-lattice Sα(C−6n−5,n+1(T3,−2),
(−6n − 5)(n + 1)) are (lens)(lens) surgeries by the classiﬁcation of S-lattices [8].
Remark 8.10. Fig. 53 shows that (Spord2[n], γ ) is a lens surgery, where γ is the surface slope of Spord2[n] ⊂ F . Using the
same arguments as in Remark 8.3, we see that the mirror image of Spord2[n] ⊂ F is IV−13 [n].
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